We present a fractional-order model of two-species facultative mutualism with harvesting. We investigate the stability of the equilibrium points of the model by using the linearization method for noncoexistence of equilibrium points and the Lyapunov direct method for the positive coexistence of an equilibrium point. In addition, we obtain sufficient conditions to ensure the local asymptotic stability and global uniform asymptotic stability for the model. Finally, we provide illustrated numerical examples to verify the stability results obtained in this study.
Introduction
A population model is a mathematical model used to describe population dynamics. Equations describing population models can take different forms such as difference equations [, ], differential equations [, ], or delay differential equations [] . There are several types of population models such as interspecific competition models, predator-prey models, and facultative mutualism models [] .
Two-species facultative cooperative interaction or facultative mutualism is the interaction between two different biological species in which both species benefit [], such as herbivorous crabs and coralline algae [] . The famous two-species mutualism models are derived from modified Lotka-Volterra competition equations [] and have been applied to a variety of ecological interactions [-]. In , Legovic and Gecek [] expanded the mutualism model by adding a harvesting effort specific to the population. The model is described by a system of first-order differential equations of the form
where all the parameters are positive constants, x i denotes the population density of the ith species at time t, r i is the intrinsic birth rate of the ith species, K i is the carrying capacity of the environment, and e i is the harvesting effort upon the same species x i for i = , . In addition, b  and b  represent the extent of cooperative relationships of x  and x  , that is, the mutualistic support the species give each other.
This system is an illustration of the situation in which the effects of mutualism have the most impact when the recipient population is at high density (Wolin and Lawlor [] ). If one species is missing, then the dynamics of the other species is characterized by logistic growth [] .
In recent years, fractional calculus has become an intriguing field. There are several definitions of the fractional-order derivative. Among them, the definitions commonly used are the Riemann-Liouville definition, the Grünwald-Letnikov definition [] , and the Caputo definition [] . The Caputo derivative is reformulated from the more classic RiemannLiouville derivative, and the initial conditions for Caputo fractional differential equations are expressed in the same manner as for integer-order differential equations [] . For this reason, in this paper, we use the Caputo derivative. This is likely to be a good choice to solve problems in the dynamics of complex systems because the order of derivatives can be any real or complex number. Especially, the results may more closely resemble realistic dynamics than integer-order systems [] . The advantages of fractional calculus support its use in applied mathematics, physics, chemistry, engineering, and even finance and social sciences [] . Some examples include data-fitting problems for blood alcohol level, video tape counter readings and models for world population growth [ In this paper, we present a fractional model for two-species facultative mutualism. Moreover, we analyze the stability of the equilibrium points for this model to obtain sufficient conditions for the local asymptotic stability of the noncoexistence equilibrium points using the linearization method. Conversely, we obtain sufficient conditions for the global uniformly asymptotic stability of the coexistence equilibrium point using the Lyapunov method.
We organize the paper as follows. In Section , we give some necessary definitions and some known properties. In Section , we propose a fractional-order two-species facultative mutualism model. In Section , we investigate the local stability of the three noncoexistence equilibrium points and the global stability of the coexistence equilibrium point in the sense of Lyapunov for the proposed model. Some numerical simulations to validate the theoretical results are shown in Section . In the last section, we present the conclusions of this paper.
Preliminaries
In this section, we introduce some definitions of fractional calculus and several important theorems of stability analysis.
n given on the interval [t  , ∞], suppose that α >  and t > t  , where α, t  , t ∈ R, and n ∈ N. Then
is called the Caputo fractional derivative of order α, where is the gamma function.
Remark . ([])
Under natural conditions on the function f (t), as α → n, the Caputo derivative becomes the conventional nth derivative of the function f (t).
Remark . ([])
The Caputo fractional derivative of order  < α <  for a smooth func-
continuous on [t  , ∞) and of exponential order and that
where F(s) = L{f (t)}. 
Theorem . ([]) Let C be the complex plane. For any α > , β > , and A
∈ C n×n , we have L t β- E α,β At α = s α-β s α -A - for Rs > A  α ,
Theorem . ([]) Consider the fractional-order system
C t  D α t x(t) = f (t, x) (  .  ) with initial condition x(t  ), where α ∈ (, ), f : [t  , ∞) × → R n is
Definition . ([]) For the system described by (.):
(i) The trivial solution is said to be stable if for any t  ∈ R and any ε > , there exists
The trivial solution is said to be asymptotically stable if it is stable and for any t  ∈ R and any ε > , there exists
The trivial solution is said to be uniformly stable if it is stable and δ = δ(ε) >  can be chosen independently of t  . (iv) The trivial solution is uniformly asymptotically stable if it is uniformly stable and there exists δ a > , independent of t  , such that if
The trivial solution is globally (uniformly) asymptotically stable if it is (uniformly) asymptotically stable and δ a can be an arbitrary large finite number. 
for t ≥ , x ∈ , and  < α < , where W  (x), W  (x), and W  (x) are continuous positive definite functions on . Then x =  is uniformly asymptotically stable.
Remark . ([]) If x = x
* is the equilibrium point of system (.) and satisfies the conditions of Theorem ., then x = x * is uniformly asymptotically stable.
Theorem . ([]) Let x(t) ∈ R
+ be a continuous and derivable function. Then, for any time instant t ≥ t  and all α ∈ (, ),
where x * ∈ R + .
Model description
We construct the proposed model for fractional-order two-species facultative mutualism by improving system (.). To do so, we replace the integer-order derivatives with fractional-order Caputo-type derivatives; the resulting equation is written as
System (.) has some flaws as regards the time dimension because the left-hand side has the dimension (time) -α , whereas the right-hand side has the dimension (time) - . The correct form of system (.) can be obtained as follows [] :
For convenience, we define the parameters r i = r
, and b  = b  , where i = , . Then, we obtain the following modified system:
with initial conditions x  (t  ) = x  and x  (t  ) = x  , where all the model parameters are assumed to be positive.
Existence and uniqueness
The possible region of model (.) is defined as the nonnegative quadrant
From system (.) it is clear that f i and Proof In Section ., the uniqueness of a solution of x(t) to system (.) is obtained. Thus, we only need to prove that the solution x(t) = (x  (t), x  (t)) remains in R  + . Let x(t  ) = (x  (t  ), x  (t  )) in R  + be the initial solution of system (.). By contradiction, suppose that there exists a solution x(t) that lies outside of R  + . The consequence is that x(t) crosses the x  axis or x  axis. Now we have to consider two cases.
Nonnegative solution
Case : If the solution x(t) passes through the x  axis, then there exists t * such that t * ≥ t  and x  (t * ) = , and there exists t  sufficiently close to t * such that t  > t * and x  (t) <  for all t ∈ (t * , t  ]. By the previous conclusion there are two possibilities.
, based on the first equation of system (.), we obtain
Using the Laplace transform in this inequality, the solution satisfies
Since x  (t  ) ≥ , we have x  (t) ≥ , which contradicts the assumption. So x  (t) ≥  for any t ≥ t  .
(ii) If
Since t  can be chosen to be arbitrarily close to t * , then
we obtain that
Using the Laplace transform in this inequality, we get that
Thus, x  (t) ≥  for any t ≥ t  , which contradicts the assumption. Case : Suppose that the solution x(t) passes through the x  axis. Because the second equation of system (.) has the same form as the first one, the proof for case  is similar to the proof in the previous case.
Therefore, we can conclude that the solution x(t) of system (.) lies within R  + .
Stability analysis of equilibrium points
In this section, we investigate the stability of the equilibrium points by using the linearization method and the Lyapunov direct method. The equilibrium points of the model are obtained by solving the system of equations
We obtain four equilibrium points as follows: . The origin E  (, ), which represents extinction of both species.
, which represents extinction of the second species. The existence condition of
, which represents extinction of the first species. The existence condition of E  is  ≤ e  < r  . . E  (x As for the equilibrium points E  , E  , and E  , they are called the noncoexistence equilibrium points. The existence condition of E  is presented in the next proposition.
Proposition . If
 ≤ e  < r  and  ≤ e  < r  , (  .  )
then there exists a unique coexisting equilibrium (x *  , x *  ) of fractional-order system (.), where
Proof The proof for this proposition is the same as that for Proposition  of [] , which is the proof that there exists a unique coexisting equilibrium point for integer-order system (.).
Local stability of equilibrium points
In this subsection, we determine the local stability of the first three equilibrium points of system (.). The Jacobian matrix of the system is
Theorem . If r  < e  and r  < e  , then the trivial solution E  of the fractional-order system (.) is locally asymptotically stable.
Proof By (.) the Jacobian matrix J(E  ) is as follows:
The eigenvalues of J(E  ) are λ  = r  -e  and λ  = r  -e  . By the assumptions of the theorem, λ  <  and λ  < . Thus | arg λ  | = | arg λ  | = π . Therefore, according to Theorem ., the equilibrium point E  is locally asymptotically stable. Proof By (.) the Jacobian matrix J(E  ) can be obtained as follows:
Solving the characteristic equation det(λI -J(E  )) =  for λ to find the eigenvalues of J(E  ), we get
So, the eigenvalues of J(E  ) are λ  = r  ( -A  ) -e  and λ  = r  -e  . Since we assumed that
, λ  = e  -r  , and λ  = r  -e  . By the assumption it is clear that λ  <  and λ  < . According to Theorem ., the equilibrium point E  is locally asymptotically stable. This completes the proof.
Theorem . If r  < e  and e  < r  , then the first species extinction equilibrium point E  (, K  A  ) of the fractional order system (.) is locally asymptotically stable.
Proof The idea of the proof is similar to that of Theorem ..
Global stability of positive coexistence equilibrium
In this subsection, we investigate sufficient conditions for global uniform asymptotic stability of the positive coexisting equilibrium for the corresponding fractional-order system using the Lyapunov function. Proof We define the function V  :
so that (.) can be written in the form
where c  >  and c  =
Hence, we can see that V  (x  , x  ) is a Lyapunov function. Also, V  (x  , x  ) tends to +∞ as either x  or x  tends to  or to +∞. These properties mean that V  (x  , x  ) is radially unbounded.
Applying the linearity property of the Caputo fractional derivative and using Theorem ., we obtain
By Proposition . the positive equilibrium point (x *  , x *  ) of system (.) satisfies the equalities
We see that
Since c  =
We can verify that W  (x) is continuous on the domain R Remark . Theorem . can be applied to study a facultative mutualism of two species. In particular, the interaction between two species is assumed to be described by model (.) with parameters satisfying the conditions of the theorem. Subsequently, any solutions starting at a positive initial point eventually tend to the positive coexistence equilibrium of the model. This means biologically that the two species always coexist in the same habitat.
Numerical simulations
In this section, we present numerical examples to verify the theoretical results in Theorem ..
We carried out numerical simulations on the fractional-order two-species facultative mutualism system (.) to show the stability of the positive equilibrium result. 
Conclusion
In this study, we presented a Caputo fractional-order model of two-species facultative mutualism and analyzed the stability of the model. We investigated the local asymptotic stability of the three noncoexistence equilibrium points using the linearization method. For the coexistence equilibrium point, we analyzed the global uniform asymptotic stability via the Lyapunov method. These results provide sufficient conditions to ensure the local asymptotic stability and global uniform asymptotic stability of the model. Finally, we used some numerical simulations of the model to illustrate the stability results.
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